
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



C S46 3 



XXXII. An Invejtigation of the 'Principles of progrejfwe 
and rotatory Motion. By the Rev. 5. Vince, A. M. of 
Sidney College, Cambridge. Communicated by George 
Atwood, A. M. F. R. S. 

Read June 15, 1780. 

'TT^tlE communication of motion from impact is 
**■ well known to conftitute a coniiderable part of 
that branch of natural philofophy called mechanics ; 
and as all our enquiries therein are directed, either 
to afiift us in thofe operations which add to the con- 
veniences of life, or to explain, for the fatisfaction 
of the mind, thofe changes which we daily fee arife 
from the effects of bodies on each other, it might na- 
turally have been expected that the attention of philo- 
fophers would have been engaged, firfl in the invefti- 
gation of fuch cafes as moft frequently occur from the 
accidental action of one body on another, before they 
had proceeded to others lefs obvious. A little con- 
fideration will convince any one how feldom it hap- 
pens, in the collifion of two bodies, that their centers 

of 
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of gravity, and point of contact lie in the line of direc- 
tion of the finking body, yet few writers on mechanics 
have extended their enquiries any further than this Am- 
ple cafe. It muft however be acknowledged, that 
the action of bodies on each other, in directions not 
pafling through their center of gravity, affords a fub- 
je<5t at leaft curious in fpeculation ; for my own part, 
I have little doubt but that it might be rendered ex- 
tremely ufeful to the practical mechanic. 1. Bernoulli 
was the firft who publifhed any thing on this fubjecl:. 
He found the point about which a body at reft woitld 
begin to revolve when ftruck by another body, obferv- 
ing however that d. Bernoulli had alfo difcovered the 
fame : he has alfo mentioned the curve defcribed by 
that point in the progreflive motion of the body, and 
has directed a method of enquiry by which the veloci- 
ties of the bodies may be found after the flroke, which 
comprehends all he has done on the fubject. Two years 
afterwards d. Bernoulli publifhed a paper on progref- 
live and rotatory motion, containing nothing more than 
what 1. Bernoulli had before given us, and, what is a 
little extraordinary, fays in the introdudtion, de tali 
quidem percujjione nihil adbuc, quantum fcio, publici juris 
faSiumfuit ab iis, guide motu corporum a percujfione ege* 
runt. Euler has alfo inveftigated the velocities of the 
Vol. LXX. 4 G bodies 



548 Mr. vince's Inveftigation of the 

bodies after impact in a manner fomewhat different, but 
has rendered it much more intricate by a fluxional cal- 
culus. To any one, however, who attentively confiders 
the fubjeci, the theory muft ftill appear to be extreme- 
ly imperfect, as, independent of principles not more 
felf-evident than the propofitions they are intended to 
demonftrate, which both i. and d-. Bernoulli have af- 
fumed in their inveftigations,a great variety of other cir- 
cumftances equally interefling naturallyarife in an enquiry 
into this matter, circumftances abfolutely neceffary to- 
wards understanding the principles of the motion of the 
bodies after impact. This induced me to confider the 
fubjecl: with fome attention, and presuming that 1 have 
not been altogether unfuceefsful in my endeavours to 
render the theory more perfect, I determined to lay the 
refult of my enquiries before the Royal Society. 1 
thought it expedient, for the fake of perfpicuity, to di- 
vide the whole into diftinct Propofitions; and as the 
taoffi fimple cafes are beft underftood, I have firft con- 
fidered the cafe of the action of a body on a lever hav- 
ing a corpufele at each end : and I was the more in- 
duced to treat the fubjecl: in this manner, as moft of 
the principles can be immediately applied to any num- 
ber of corpufcles, in confequence of which the gene- 
ral inveftigations are rendered more eafy and fatisfae- 
tory. 

PROP 
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PROP. I. 

Let A and b be two indefinitely ftnall bodies connected by a 
lever void of gravity., and fuppofe a force to a£l at any 
point d perpendicularly to the lever ; to find the point about 
which the bodies will begin to revolve. 

From the property of the lever, the effect of the 
force acting at D (fig. 1 .) on the body a is to the effect 
on b as bd : ad ; hence the ratio of the fpaces Am, B«, 
defcribed by the bodies a and b in the firft inftant of 
their motion, will be as — : — ; join mn, and if ne- 
ceffary produce that line and ab to meet in c, which 
will manifeftly be the point about which the bodies be- 
gin to revolve. Hence from fimilar figures Be : AC : : 

^(°cb#)":^ (<*a»z) : : ax ad : b xbd, or dc-db : ad + 

dc::axad:bxbd, and confequently dc= BxBD _ AxAD > 
and therefore d is the center of percuflion or ofcillation 
to the point of fufpenfion c. 

Cor. i» Hence, whatever be the magnitude of the 
ftroke at d, the point c will remain the fame. 

Cor. 2. If the force acts at the center of gravity g, 
the bodies will have no circular motion, for in this cafe 
b x bd- a x ad=o, and therefore dc becomes infinite. 

4 G a Cor. 
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Cor, 3. If the force a£ts at one of the bodies, the 

center of rotation c will coincide with the other body. 
Cor. 4. If the lever had been in motion before the 

ftroke, the point c, at the inftant of the. ftroke, would 

not have been djfturbed. 

PROP. II. 

Let a given quantity of motion be communicated to tbe lever 
at d, to determine tbe velocity of tbe center of gravity g. 



inftant of motion, is as — : now cg = cd - po =c gp -»■ 



The fpace hm> defcribed by; the body a in the firft 

DB 
A 

Ax:AP 2 + BxBP* BxBDxBG + AxAPxAG, 
AG+AP- jJ xB d_ AxAD ^AG+AD-- Bx BP-AxAb ' 

\ r , AxAP* + BxBP* , _. BxBD*AB . 

alfo CA = CD + PA zz 1 -_ - x — g + PA= ^^_ AxAD , 

» , BxBBxAB / N BP , N 

hence we have Bx£D ^ A:xAP (aq) : :X (qc^a) : : 

BxBDxGB.+AxADxAG/ . BxBD xGB+Ax ADx AG , 

-• ' BxBD-AxAD ( CG > : A^^AB aGa thG 

velocity pf the center of gravity : hence- if themotipnbe 
communicated at g, the velocity becomes>as X A i x .g ><A g — 
Let now the motieav which is fuppofed to bp acltually 
communieatexltotherQd'.atP, be equivalent to the mo- 
tion of a body whofe magnitude is g> and moving with a 
velocity v; then if that motion be communicated at Q, 
the velocity of the center of gravity is well known to be 
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_ .Gx-7/ , i. pnr - BxBG:+AxAG* , B xBD xBG + A x AD x A G 
~ A + B ■ » " CULC AxBXAB * """* AxBxAB " : ' 

Gx» Gxt» BxBGxBD + AxADxAG . . . . , , .. ~ , 

aTb : AT" x — bxbg'+axag = the Velocity of the 

center of gravity, when the fame motion is actually com- 
municated to any point d. Now bd = bg + gd, and 
ad=ag— gd ; hence b x bg x bd + ax adxag=bxbg ! + 
axag ? + gdx bxbg— axag;= (becaufe Bxbg— axag=o) 
b x bg 2 + a x ag 2 ; confequently the velocity becomes 
— 5 ; and hence the center of gravity moves with the 
fame velocity, wherever the motion is communicated. 

PROP. III. 

Let a given elajlichody p, moving with a given velocity, 
be fuppofed tojlrike tbe lever at the point v in a direc- 
tion perpendicular 1 to it ; to determine the Velocity of tbe 
center of gravity 6 after tbe Jlroke* 

Siippofe iirft the body to be npn-elafticjj and let v be 
the velocity of the center of gravity after the, ftroke upon 
that fupcpofition, and v the velocity of the ftriking 
body : then m : cd ; ; v : -~ ^-* - the velocity of the 
point d after the ftfoke* or of the body p ; for the 
fame reafon ^g* and -gg- equal the velocities of a 
and b refpe<5tively. Now, becaufe in revolving bodies, 

the 
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the momenta, arifing from the magnitude of the bo- 
dies, their diftance from the center of rotation and ve- 
locity conjointly, remain the fame after the firoke as 

before, we (hall have px v xP c=^^ + vxC r ^ xA + 

• xCB*xB , . u — ft»~ -. _ PxVxDCxCG 



-, and therefore v = 



CG ' Px DC 1 +AxAC' + BxBC 

-^_-- Px J* C n G ■; hence if p be fuppofed an elaftic body, 

A+BxCG+PxDC e * •'» 

we fhall have ==i£ - — — for the velocity of the 

A+BxCG+PxDC J 

center of gravity after the ftroke, in ipfo motus initio. 



PROP. IV, 

fb determine the motion of the bodies after thefirjl injant t 
or -when they are left to move freely by themfelves. 

The writers on mechanics, from confidering the 
equality of motion on each fide the center of gravity, 
when a body revolves about that point, have inferred, 
that if a body had a projectile as well as a circular mo- 
tion communicated to it, the center of gravity would 
continue to move in a right line', as that point would 
not be difturbed by the rotatory motion : yet, * as, in 
the cafe we are now confidering, the bodies begin to re- 
volve about a different center, it may be proper to exa- 
mine more accurately into this matter* and to fhew from 

what 
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what principle it is that the motion of the center of gra- 
vity is preferved in a right line. 

Let a motion perpendicular to the rod he communi- 
cated to a (fig. 2.) and then by Cor. 3. Prop. I. b will 
not be difturbed by fuch an action ; and a will in the 
firft inftant have a tendency to revolve about b as a cen- 
ter, and would actually defcribe the arc ah, if the body 
B were fixed : let the angle abh be fuppofed infinitely 
fmall, and let gk be the arc, the center of gravity would 
have defcribed, and draw the tangents af, Gg, to the 
arcs ah, Gg reflectively. Now, if a could have moved 
freely, it would (becaufe af=;ah) have defcribed af in 
the fame time the arc ah was defcribed, upon fuppofi- 
tion that b was fixed ; for the radius b a being perpen» 
dicular to the circular arc ah, the force of the lever 
could have no efficacy to accelerate or retard the motion 
of a in the arc ah, and therefore the velocity in that 
arc is the fame as it would have been if it had moved 
freely in the tangent : hence hf is that fpace through 
which the centrifugal force of a would have carried that 
body, could it have moved freely ; but as a is connected 
to b by means of the lever, it is manifeft that the fame 
force which would have carried a from h to F in the 
direction of the lever, will, when it has both bodies 
to move, carry it over a fpace which is to fh as a : a+b, 

or 
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or as sg : bh, or as ^k : FH ; hence that fpace> of the 
fpace through which the centrifugal force of a will 
draw the lever in the direction bh, is equal to k^ ; that 
is, the point k, which is the center of gravity of a 
and b, will be found at g, and confequently the center 
of gravity has preferved its motion uniform in the right 
line Gg t inafmuch as the centrifugal force, acting per- 
pendicularly to the direction of the center of gravity, 
can neither accelerate or retard its motion. In the fame 
manner it may be proved, that the motion of the center 
of gravity is continued uniform in the fame right line, 
whatever be the pofition of the lever. Moreover, as 
the centrifugal force acts in the direction of the lever, 
it cannot alter its angular velocity, which will therefore 
remain as in ipfo motus initio. If now we fuppofe 
that to the force impreffed upon a, two other equal 
accelerative forces be communicated to a and b at 
the fame time, it is evident that no alteration can arife 
from the actions of the bodies on each other ; and the 
cafe will then be limilar to the motion of the bodies, 
fuppofing a fingle force had been imprefled at any point 
d. The like method of reafoning may be extended 
to any number of bodies. 

The fame thing may alfo eafily be demonftrated in 

the following manner. The centrifugal forces of A 

7 and 
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and b (fig. 1.) are refpeitively ax ac and bxbc ; alfo 
the centrifugal force of the point g, considering it as 
having both bodies to move in the direction of the rod, 
is a+bxgc, but from mechanics axac+bxbc=a+Bx 
gc : hence the centrifugal forces of the bodies a and b 
give the center of gravity a centrifugal force equivalent 
to its own centrifugal force, which, as the latter Would 
caufe that center to move in the tangent Gg, the lever 
not being fixed at c, it is manifeft that the former will 
caufe the center of gravity to continue its motion in the 
fame direction. 

That this motion of the lever, in a dire&ion from 
the center c, is the only motion which is communicated 
to it from the effect of the bodies a and b is manifeft from 
hence. The bodies begin to revolve freely about the 
point c, and confequently if the point c had been fixed, 
the bodies would have moved on with a uniform angular 
velocity about c ; if therefore we fuppofe the lever not to 
be fixed at c, as the efficacy of the centrifugal force which 
a6ls in the dire&ion of the lever is now fuffered to take 
place, and no new external force is imprefled on ei- 
ther of the bodies, it is manifeft, that if in the former 
cafe the bodies had no efficacy to difturb the angular ve- 
locity of the lever, they cannot have any in the lat- 
ter, confequently the angular velocity, and from what 

Vol. LXX. 4 D baS 
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has been before proved, the uniform motion of the cen- 
ter of gravity in a right line, remain unaltered* after 
the commencement of the motion.. 

PROP. V.. 

In the time the Mies make one revolution, the center of 
gravity will move over a /pace equal to, the circumfer- 
ence of a circle ivhofe radius is gg (Jig. i .) 

From the laft Proportion,, the angular relbefty of the 
lever is continued uniferm j hence the time of a revo- 
lution is juft the fame as if the point c were fixed, and 
the bodies were to continue to revolve about that point 
as a ©enter, in which cafe the center of gravity g, in 
the time of a revolution, would evidently defcribe the 
circumference ©f a circle whofe radius is gc This 
therefore is- the fpace the center of gravity defcribes id 
a right line when the bodies move freely, for from the 
laft Proposition that center is carried uniformly forward 
with the fame velocity* 

Cor, i . Hence if the magnitude of the force ailing 
at d vary, the velocity of the center of gravity will 
vary in the fame ratio as the angular velocity* 

Cor. i. Hence the point d may be found, where a 
force being applied, the bodies mail make one revolu- 
tion, 
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tion, whilft the center of gravity moves over any 
given fpace (s) : for let p = the periphery of a circle 
whofe radius is unity, then p : 1 j : j : j - the- radius 

of a circle whofe circumference is the fpaCe to be pafied 
over in the time of a revolution, and which muft there- 
fore, by the Proportion, be equal to gc ; the point c 
therefore being determined, d may be eafiiy found, for 
from mechanics cgxdg is given; and from Cor. 3. 
Prop. I, when d comes to a, c will coincide with b, 

. r ^ t AGxGB 

: cgxgb=agxgb, and consequently dc= — ^~« 

PROP, VI. 

f@ determine the time of one revolution, fuppojing every 
thing given as in Prop. III. 

The point d being given, we have from Cor. 2. to 
the laft Proportion, cg = AG D * Q GB ; put w equal the cir- 
cumference of a circle whofe radius is cg, and it appears 
from the laft Proposition, that w is the fpace the center 
of gravity paffes over in the time of one revolution ; 
hence, becaufe from Prop. iv. the center of gravity 

a x VxPxCG 

moves uniformly, we have by Prop. III. raxCG+PxDC 

4 D a : 1" 
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:i"::w:wx — 2 i LY* PxCG = the time of one revolu- 

A+BxCG+PxDC 

tion. 

Cor. Hence the angular velocity being inverfely as 

the time or a revolution, will vary as "YxTxciGxF"' 

PROP. VII. 

T'he point c, as the center of gravity moves forward, will 
defer ibe the common cycloid. 

From the defcription of the common cycloid it ap- 
pears, that the center of the generating circle- pafTes over 
a fpace equal to the circumference of that circle whilft 
it makes one revolution. With the center g (fig. 3.) 
and radius gc, defcribe the circle cxy, and draw cr, gw 
perpendicular to abc, and let the circle cxy be flrppofed 
to revolve on the line cr ; then will the center g move 
over a fpace equal to the circumference of the circle 
cxy whilft it makes one revolution, and the point c will 
defcribe the common cycloid : but from Prop. v. the 
point g will move over a fpace equal to the circumfer- 
ence of a circle whofe radius is gc, whilft the bodies, 
and confequently gc, make one revolution ; and hence 
the point e will defcribe the fame curve as before, that is, 
the common cycloid. 

PROP. 
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PR O P. VIII. 

Let a motion be communicated to the lever obliquely, to de- 
termine the point about which the bodies begin to revolve. 

LetFD (fig.4.)reprefent the force communicating the 
motion at the point d, which refolve into two others fh, 
hd, the former fh parallel to the lever, and the latter hd 
perpendicular to it. Let c be the point about which the 
bodies would have begun to revolve, had the force hi> 
only acled, and which may be found by Prop. I : and 
fuppofe in this cafe mgn to have been the next por- 
tion of the lever after the commencement of the mo- 
tion, or that the bodies a, b, and center of gravity g, 
had been carried to m, g and n refpedtively. But as the 
force fh acts at the point d at the fame time in the direc- 
tion of the rod, if we take &q : Gg as fh : hd, then whilft 
the center of gravity would have moved from g to g in 
confequence of the force hd, it will by means of the force 
fh be carried in the direction of the lever from g to q> 
and alfo every other point of the lever will be carried in 
the fame direction with the fame velocity ; take there- 
fore hp and Br each equal to g?, and complete the pa- 
rallelograms a#, gw and b£, and the bodies a, b, and 
center of gravity g will, at the end of that time, be 

found 
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found at a, b and w refpectively, and awb will be the 
pofition of the lever. Now it is evident, that c is not 
the point about which the bodies begin to revolve, for 
(confidering the lever to be produced to c) that point 
muft have moved over a fpace cc equal to g<7, when the 
lever is come into the pofition awb : draw co perpendi- 
cular to cb, and go. perpendicular to got, and o will be 
the center of rotation at the commencement of the mo- 
tion. For conceive co to be a lever, then the lever abc 
has a circular motion about c, whilft that point is mov- 
ing from c to c, and confequently the point o is carried 
forward in a direction parallel to cc by this motion ; but 
as the lever co is carried by a circular motion about c 
in a contrary direction, it is evident that that point of 
the lever co muft be at reft where thefe two motions are 
equal, as they are in contrary directions. Now the ve- 
locity of c in the direction cc : velocity of g about c : : 
&q : Gg : : (by fim. triang.) co : cg, and the velocity of 
the point g about c : velocity of the point o about c : : 
cg : co ; hence ex aquo the velocity of c in the direc- 
tion of cc, or of o in the direction op parallel to cc, is 
equal to the velocity of the fame point o in a contrary 
direction arifing from its rotation about c, and confe- 
quently o being a point at reft, muft be the center of ro- 
tation in ipfo motus initio. Alio, becaufe ma is equal 

and 
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and parallel to nb y ab muft be equal and parallel to mn, 
therefore the angular velocity is juft the fame as if the 
force fh had' not acted. The center o of rotation at 
the beginning of the motion being thus determined, 
every thing relative to the motion of the bodies, after 
they are at liberty to move freely, may be determined 
as in the preceding Proportions. 

Cor. 1. Hence it appears,, that whatever be the mag- 
nitude or direction of the force communicating the mo- 
tion, or the point at which it acts, the center of gravity 
will move in a line parallel to the direction of the force,, 
for the triangles fhd^ gqw being fimilar, qw muft be; 
parallel to Fd. 

Cor. 2?. The fame is manifeftly true for any number 
of bodies^ for let (fig. 5.), e be a third body, and con- 
ceive it to- be connected with the other two bodies a and 
k in their center of gravity ©; then if fb reprefents the 
force acting at the point d* it is evident from the laft 
Gorol. and the fecond Prop;, that the center of gravity 
moves- with the fame velocity and -in the feme dke&ion, 
as if the feme .motion had been communicated, at & in 
fine RG parallel toFB^ and that the center of gravity has 
the fame velocity communicated to it, as if the two bo- 
dies had been placed at g; conceive therefore the bodies 
A and'B to be placed at g,, and let the force act' at b, and 
3, then 
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then from the laft Corol. the center of gravity g, of the 
three bodies, will move in a line parallel to the direction 
of the force communicated. In the fame manner it 
may be proved for any number of bodies. 

SCHOLIUM. 

The method here made ufe of to determine the point 
of rotation in ipfo motus initioy when a fingle force acts 
at any point d, may be applied, when any rnimber of 
forces act at different points at the fame time. For let 
(fig. 1 .) «, $, y, &c. reprefent the forces acting on the 
lever at the points d, e, f, 8cc. refpectively ; then from 
the fame principles the effect of all the forces on a : 

the effect on b : : ~ + -^ + £ + &c. : ^+ ^+§ + &c. 

which quantities put equal to p and q_ refpectively, and 

P o 
then — ' y ' '• A.m : sn : : ac : bc, from whence it ap- 

pearsi that (putting gc + ga = ac and gc - gb = 

bc) the diftance oc= Ax ^ a ' x X q, PX " ' tt« 
fame conclufion might have been deduced from this 
confideration ; that if any number of forces act on a 
lever, the effect on any point of that lever is juft the 
fame as if a force, equivalent to the fum of thefe forces, 

had 
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had adled at their common center of gravity, find there- 
fore their common center of gravity, and conceive a 
force equivalent to them all to be communicated to that 
point, and the Problem is reduced to the cafe of the 
firft Propofition. If any of the forces had a&ed on the 
oppofite fide of the lever) fuch forces muft have been 
confidered as negative. 

If there be any number of bodies placed on the lever) 
and a fingle force a<Sts at d, it will appear from the fame 
principles that the point c, about which they begin to re- 
volve, will be the point of fufpenfion to the center of per- 
cuffion d ; and the fame conclufion will be obtained, if the 
bodies be not fituatedin a ftraightline. As a direcl invelti- 
gation, however, is always to be preferred to conclulions 
drawn from induction, it may be thought proper, before 
we apply any of the foregoing principles to the cafe of the 
attion of bodies upon each other by impact, to mew 
how fuch a direct inveftigation to determine the point 
about which a body, having a motion communicated to 
it, begins to revolve, may be obtained ; previous to 
which, however, fome further considerations are ne* 
ceffary. 



Vol. LXX. 4 E PROP, 
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PRO P. IX. 

If a force acls upon a body in any given direSion not paf~ 
Jing through the center of gravity ; to determine the 
plaite of rotation, the direction in which the center of 
gravity begins to move, and its motion after* 

Conceive a plane xy&z (fig. 6.) to be fupported upon 
a line ab paffing through its center of gravity g, and 
fuppofe a force to acl: at any point d in that line, and in 
a direction perpendicular to the plane ; then it is mani- 
feft, that fuch a force can give the plane no rotatory 
motion about ab. Imagine now the fupport to be taken 
away whilft the force is acting at d, then it is evident, 
that as the plane had no tendency to move about ab as 
an axis, and the taking away of the fupport can give it 
no fuch motion, it will, by Cor. 2. Prop. vm. begin its 
progreflive motion in the direction in which the force 
aits ; and as the force is fuppofed not to acl; at the cen- 
ter of gravity, it muft at the fame, time have a rotatory 
motion about fome axis, which, as it has no motion 
about ab, muft lie fomewhere in the plane, and per- 
pendicular to ab ; and confequently in ipfo motus initio 
the plane of rotation mull be perpendicular to the plane 

AyBZ- 
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aj>bz. Let lcm, perpendicular to ab, be the axis about 
which the plane begins to revolye, and p, q be two equal 
particles of the plane fimilarly fituated in refpect to ab, 
alfo qb, pa perpendicular to lcm. Now the centrifugal 
force of p, or its force in the direction ap hp xap, and 
that of q in the direction bq is qxbq; to determine now 
how thefe forces will affect the motion of the plane, we 
may obferve in the firft place, that the force pxap, act- 
ing at a in the plane, muft tend to give it a motion 
about an axis perpendicular to the plane ; but as an equal 
force qx qb acts at q to give it a motion in a contrary di- 
rection, it is evident that the two forces will deftroy each 
other, fo far as they tend to generate any motion in the 
plane about an axis perpendicular to it ; and hence it is 
manifeft, that if the parts of the plane AjyB, azb, be 
fimilar, and fimilarly fituated in refpect to ab, the plane, 
after the commencement of the motion, will have no 
tendency to revolve about an axis perpendicular to it. 
Alfo, as the centrifugal force of each particle acts in a 
direction parallel to ab, it can give the plane no ten- 
dency to revolve about that line as an axis, and confe- 
quently the plane of rotation will be preferved as in ipfo 
motus initio. Conceiving therefore the plane on each 
fide the line ab to be fimilar, and fimilarly fituated, 
fuppofe another plane to be fixed upon this, whofe parts 

4E a on 
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on each fide ab are fimilar, and fimilarly fituated, and 
the force to act as before, then it is manifeft, that as 
each plane endeavours to preferve the fame plane of ro- 
tation, the two planes connected will alfo continue ta 
move in the fame plane of rotation, for the action of 
one plane on another, on each fide the plane of rota- 
tion, being equal, cannot tend to difturb the motion in 
that plane ; and as this muft be true for any number of 
planes thus fimilar and fimilarly fituated, it is evident, 
that if a force fhould act upon a body, and each fec- 
tion, perpendicular to the direction of the force, fhould 
be fimilar on each fide the plane palling through the di- 
rection of the force, and the center of gravity of the 
body, that that plane would be the plane of rotation in 
which the body would both begin and continue its mo- 
tion. It appears alfo from what has been proved, that 
if every fection on each fide that plane had not been fi- 
milar, the plane of rotation would not neceffarily have 
continued the fame after the commencement of the mo- 
tion. Hence all bodies, formed by the revolution of any 
plane figure, will have the axis about which they were 
generated, a fixt axis of rotation ; to determine, however, 
every other axis of a body about which it would continue 
to revolve, would be foreign to the fubject of this paper. 
Suppofing therefore the plane of rotation to continue the 

fame 
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fame (for in this paper I mean to confine my enquiries 
to fuch cafes) imagine all the particles of the body to be 
referred to that plane orthographically, which fuppofi-r 
fition not afFefting the angular motion of the body, the 
centrifugal force of all the particles, to caufe the body 
to revolve about an axis perpendicular to that plane, will 
remain unaltered. Let lmno (fig. 7.) be that plane, 
and fuppofe a force to adt at a in the direction b a lying 
in the fame plane, which produce until it meets ln, 
pafling through the center of gravity g, perpendicular- 
ly in D ; then by Cor.. 2. Prop. vin. the center of gra- 
vity g will begin its motion in a line parallel to pa, or 
perpendicular to ln, ; and confequently the center c, 
about which the body begins to revolve, muft lie fome- 
where in the line lisu Now the centrifugal force of any 
particle/* is pxpc; let fall /># perpendicular to ln, then 
the effecl: of that force at c, in a direction perpendicu- 
lar to ln, will hzpxpa, and in the direction cl it will 
be pxca\ but as the fum of all the quantities pxpa=o, 
and the fum of all the quanties p x ca = the body mul- 
tiplied into cg,. it follows from the fame reafoning as in 
Prop. III. that the point g will continue to move in a 
direction perpendicular to ln; and alfo, as the forces 
p x ca act in a direction perpendicular to that in which, 
the center of gravity moves, its motion muft be conti* 

nued 
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nued vxniform. In the following Propofitions, there- 
fore, we fuppofe the axis of the body, after the com- 
mencement of the motion, to continue perpendicular 
to the plane paffing through the direction of the force, 
and the center of gravity of the body, and that the 
body itfelf is orthographically projected upon that plane ; 
alfo in the cafe of the action of two bodies oa each 
other, the plane paffing through the direction of the 
ftriking body and point of percuffion is fuppofed to pafs 
through the centers of gravity of each body ; that 
the axis of each body after it is ftruck. continues per- 
pendicular to that plane, and that each body is reduced 
to it in the manner above defcribed. 

PROP. X. 

fo determine the point about which a body, when Jlruck, 
begins to revolve. 

Let lmno (fig. 7.) reprefent the body, g the center 
of gravity, and pa the direction of the force acting at a, 
which produce till it meets ln, paffing through g, per- 
pendicularly in the point d ; draw pb perpendicular to/>c, 
on which (produced if neceffary) let fall the perpendicular 
vw; c being fuppofed the point about which the body be- 
gins to revolve, and which, from the laft Propofition, is 
fome where in the line ln. Becaufe the body, in con- 

fequence 
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fequence of the force acting at p, begins to revolve 
about c, and confequently if immediately after the be- 
ginning of the motion a force were applied at d equal 
to it, and in a contrary direction, the motion of the 
body would be deftroyed, it is evident, that the efficacy 
of the body revolving about c, to turn the body about 
D, fhotild any obftacle be oppofed to its motion at that 
point,, muft be equal to nothing; for were it not, the 
body, when flopped at d, would ftill have a rotatory 
motion about that point, and confequently two equal 
and oppofite forces applied at d would not deftroy each 
others effects, which would be abfurd.. Now the force 
of a parti61e p, in the direction pw, being pxpc, its. 
efficacy to turn the body about the point d is pxpc x 
dw ; but by fim. triang. x>w : J>b : : ac : ^c, ..•. v>w = 
Hilf£, and confequently the efficacy to turn the body 



about i>—pxT)l>xac=pxcax v.c~cb-=.pxcaxvc—pxpc*i 
hence the funvof all the fxWxDc- the fum of all 

^, , , j r *a fum of all the * x PC 1 

the p x pc 2 = o, and confequently cd = fumof allth / /xCa > 
therefore u is the center of percuffion, the point of fuf- 
penfion being at c. 

Cor. From this and the preceding Proportion it ap- 
pears, that every thing which was proved in Prop.v.vi. 
vn. holds here alfo in the cafe of the action of one body 

on another. 

PROP. 
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p m o v> %h 

Let a body * (fig, 8.) moving with tbe velocity v, Jirtkt 

the body Q_at refi in the point a, and in adtreSlkn ad 

faffing through the center of gravity of the fir iking 

body; to determine the velocity of each body after the 

firoke, fuppqjing them to be elajlic* 

The folution of this Proposition depending on the 
fame principles as that of Prop. HI, we fhaM have^ • put- 
ting ,v eqxt& tbe velocity of the center of gravity*® af- 
ter the ftroke, on fuppofition that the bodies were noh> 
elaftic (dgc being fuppofed perpendicular to A»,» and'e 
the point about wbMi the body q, begins to revolve) 

vx p x csa ^ - ^ Q + C G * ^y andconfequentry 

VxPxCI>xCG t- ... .. . . .~, ,, . 

* > = iumof.Hthc,x,C' + P'xC D ' S but « 1S Well knoWn, 

that the fuih of all the^x^c^eGxCBxQ^, ami hence 
^' = qJcg£pxd c » arld therefore if the bodies be Tup*- 
pofed elaftic, we have" <V xcg>pxdc ^ r tbe ve I° cit 7 or * 
the center of gravity g after the ftroke. Now to de- 

P x V x CD 

termme the velocity of p, we have ^ gG+PxDC equal 
its velocity after the ftroke from Single impa<5t, and con- 
fequently v - J^ff^qggg^ is the Velocity 

loft 
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loft by p from fimple impadt; hence if the bodies be 

* Iaftib > oIS+p^pc wil1 be the velocity loft by p if elaf- 
tic, and confequenfly the velocity of p after theftroke 



- V ~ C^xGC+PxDC _ Ox ©C-f P xDC * V * 



Cor, 1. If the direction ad paffes through g, then 

2fV 



es being equal/to dp., we have ^G - ojs velocity, and 



—~~x v = p 's velocity, which is well known from the 

common principles of elaftic bodies. 

Cor, 1. If p x bc = q,x gc, 01* p : Q_: : gc : dc, then 
will the body p be at reft after the ftroke. 

Cor. 3. If c^were infinitely great, the velocity of p 
after the ftroke would be = - v as it ought, for p would 
then ftrike againft an immoveable obftacle. 

Cor. 4. Whatever motion ,o,gains from the action of 
p, it would lofe, if, inftead of fuppofing p to ftrike q_, 
q,; were to move in an oppofite direction, and ftrike pat 
reft with the fame velocity with which p ftruck qj in 
fuch.cafe, therefore, the velocity of o^ after theftroke 

would be v - eUT cc + rxbc - QxGC+Pxbc * v - 

Cor. & Hence if p be infinitely great, or o^ be flip- 

pofed to ftrike an immoveable ! obj eft, its velocity after 

the ftroke will be = PC ~^ CG x v: hence when dc=2gc : , 

the body q_ will have no progreflive motion after the 

Vol. LXX. 4 F ftroke, 
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ftroke, but would in filch cafe, if p were immediately 
taken away, continue to revolve about a fixes! axis. It 
may alfo be obferved, that when dc is greater than aoc, 
or the velocity of c^ia pofitive, that, becaufe it is im- 
poffible for Q.to continue its progreffive motion, it is 
only to be underftood, that if immediately after the im- 
pact the body p were removed, the body q_ would then 
proceed with fuch a velocity* 

Cor. 6. Svippofe the bodies to be non-elaftic, and let 
M be the magnitude of a body placed at p, Which, be- 
ing adted upon by p, fhall have the fame velocity ge- 
nerated as was before generated in the point j> of the 
body qj then by the common rule for non-elaftic bo- 
dies, the velocity of m after the ftroke will be |^> and 

hence ? S = oJc^Idc* confequently m ■=*.*■<* 

Cor. 7. If a given quantity of motion were commu- 
nicated to any point of the body q_, the progrefllve 
motion of that body after the ftroke would be the fame. 
For fuppofe the magnitude of the body p to be diminifhed 
fine limit e, and its velocity to be increafed in the fame 

p'y Vy C*Vt 

ratio, then, becaufe (wcg+pxdc ( wl " cn is tlie velocity of 
p after the ftroke, if the bodies be non-elaftic) = (becaufe 
p is infinitely fmall) P ^^ -, the velocity of p after the 

ftroke 
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firoke from fimple impact is finite, confequently its mo- 
tion muft be infinitely fmall, and therefore p muft have 
communicated all its motion to q_: now in this cafe the 

velocity of Q. ( = q _ xCG+Px cd) = — > whlch <l uantlt y 
is independent of the place where the force acts; in the 
fame manner it would appear if we had fuppofed the 
bodies elaftic. 

PROP. XII. 

Suppojing every thing given as in the laft Proportion., ex- 
cept that the direSlion ad does not pafs through the cen- 
ter of gravity g of the Jlr iking body ; to determine the 
velocity of each body after tbejlroke. 

Let ad (fig. 9.) be produced to meet F^o paffing 
through g, the center of gravity of the ftriking 
body, perpendicularly in f, and fuppofe o to be the 
point of the body p which is not difturbed by the 
action of p on q_: now it appears from Cor. 6. Prop. 
XI. that if both bodies were non- elaftic, and a body 
equal to Q_x ^ were placed at D, the velocity of that 

body, from the action of r, would be equal to the ve- 
locity of the point D of the body q_; for the fame rea- 
fon, therefore, it appears, that if, inftead of fuppofing 

4 F % p to 
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p to ftrike Q_in the dire&ion fa, a body equal to Px £5 

were to ftrike Q_at the fame point and in the feme di- 
rection (which direction is fnppofed to pafs through the 
center of gravity of that, body) the effect on Qc.wpuld.be 
the fame ; hence, if in the quantity -J^jgJfSg.- , which 
from the laft Prop, exprefles the velocity of the point v 
after the ftroke, on fuppofition that the bodies are non- 
elaftic, we fubftitute for p,a body equal to p x — , we' 

mall have c^xgcx>o+px^oxI>c for the velocit 7 of the 
point d from the action of b ; and confequentiy 
qxgcxFo+px^o^dc = the veloaty of the center of gra- 
vity g of the body c^, after the ftroke, if the bodies be 
perfectly elaftic. To determine now the velocity of the 
ftriking body, let. of, perpendicular to og, be,the fpace 
defcribed by the point o in the firft inftant of time, afr 
ter the ftroke, which, as that point is not difturbed by 
the action of the bodies on each other, may reprefent 
the velocity of p before, the ftroke, and let ?b repre*- 
fent the velocity of the point f after the ftroke; join/£, 
and draw gd perpendicular to og, and then will gd re- 
prefent the velocity of the center of gravity g of the 
ftriking body after the ftroke., Draw fc perpendicular 
to fa, and produce gd to meet fc in e \ now the velocity 

loft 
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foft by p at the point f by fimple impact being equal to 

_ VxPxDCx^O _ VxQxGCxFO - . 

QxGCxfo+Px^OxDC'oxGCxFO+Px^oxDc' we mail 
have be the velocity loft by the point f, on fuppofition 
that the bodies are perfectly elaftic (fuppofihg of to re- 
prefent the value of v) equal to n ^7 *£* t° **° h -, 

* ' ^ Qj<GCxFO + I'x,jOxDC 7 

and therefore by (im. triang. ft (fo) : cb : vfe (og) : ed~ 
o^xgTx'f Stp^JoxDC = the velocity loft by the center of 
gravity g y and hence v - -iffi^g£^— _ 

o > ^' Qx GCxtO + Px^OxDC 

Vx Q,x GC x FO + V x Px|OxDC-rx VxQy GC x^Q , ,. . . 

QxGCxFo+Px^OxDC - the velocity 

of p after the ftroke. Now, as it appears from Prop, 
ix. that the progreffive motion of a body, when left to 
move freely, continues uniform and in the fame direc- 
tion, it follows, that the expreffions for the velocities 
of each body in the firft iriftant after the ftroke, both in 
this and the .preceding Propofition, will reprefent the 
uniform progreffive velocities with which the bodies will 
continue to move, and confequently the place of each 
body, at the end of any given time after impact, may 
eafily be determined. 

Cor. 1. If the direction fa paries through g, then fo 

and ^o becoming infinite, we fhall have ^g gTF G dc 

for the velocity of q, and I**£™^^ for "the 

velocity 
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velocity of p, agreeable to what was proved In the laft 

Propofition, 

Cor. i. Hence the point about which p begins its ro- 
tatory motion may eafily be found ; for produce (if ne- 
ceffary) fb and of to meet in #, and a will be the point 
required; and by fim. triang. bc^ ^^V£l*<) 
, cf, :/o ( = v) : on = S2S££^^22SHS f and hence 

PX,rOXDC-QXGCxQF 

YU~ 2XQ.XGC ' 

Cor. 3. If, inftead of fuppofing q_ to have been at 
reft, it had been moving forward in a direction parallel 
to that of the body p, with the velocity <v t the motion 
of each body after the ftrofce may eafily be determined : 
for confidering p as acting upon Q_withthe velocity v-v, 
we mail have by this Propofition (putting 2M = 

q^< gcx*o+pxTox dc> ~ v * aM = the velocity commu- 
nicated to g, therefore v +v-v x 2M = the velocity of Q. 
after the ftroke ; alfo V-^xMx^j = the velocity gained 
by the point © from fimple impadt, and consequently 

the velocity of that point after =v+v-vx Mx ^jj, hence 

— — — _p 
v-v-x-vxmx cg - the velocity loft by p at the point 

y from fimple impact, therefore p's velocity after the 

ftroke =v-v-v-y-vxMxSx^. In the fame 

CG FO 

% manner 
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manner it might have been determined*, had q. moved 

in an oppofite dire&ion. 

Cor. 4. Hence alfo we may eafily determine the mo- 
tion of each body after the ftroke, fuppofing o^had not 
been moving in a direction parallel to the motion of p, 
by refolving ojs motion into two parts, one parallel to 
the motion of f, and the other perpendicular; and 
finding by the preceding what would be the effedt of the 
parallel motions, and then compounding ojs motion, af- 
ter the ftroke from that confideration, with the motion 
it had in a direction perpendicular thereto before the 
ftroke. 

Cor. 5 . The point a of the body p will defcribe (when 
that body after the ftroke has any progreftlve motion) 
the common cycloid. 

Cor. 6. Hence, therefore, the times of the revolutions- 
of each body may be determined as in Prop. vi. 

Cor. 7. If the bodies had any rotatory motion before 
impact, every thing relative to the motion of the bodies 
after the ftroke might have been determined from the 
fame principles. 






